Probability Distributions

e Continues distribution
» A continuous variable is one that can assume any value within a specified interval of values.
» Consequently, between any two values assumed by a continuous variable, there exist an infinite
number of values.
» In Normal distributions, as the number of possible outcomes (observations, n) approaches infinity,
and the width of the class intervals approaches zero, the frequency polygon approaches a smooth
curve.

I

» The most important of continuous probability distributions is the normal distribution (sometimes
referred to as Gaussian distribution
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» The parameters of distribution are: p: mean and o: the standard deviation. 1=3.14159, e=2.71828

Characteristics of the normal distribution
1. Itis considered the most prominent probability distribution in statistics

2. Arises as the outcome of the central limit theorem, which states that under mild conditions (no
extremities) the sum of a large number of random variables is distributed approximately normally
(concentration, weight, temperature).

It is symmetrical about its mean, y (number of values > p equals the number of values < ).

The curve on either side of u is a mirror image of the other side.
The mean, the median, and the mode are all equal.

The total area under the curve above the x-axis is one square unit. This characteristic follows from
the fact that the normal distribution is a probability distribution (AUC = 1= Probability).

The relative frequency (probability) of occurrence of values between any two points (a, b) on the x-
axis is equal to the total area bounded by the curve (gray area).
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FIGURE 4.5.3 Graph of a continuous distribution
showing area between a and b.
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8. If we erect perpendiculars a distance of 1 standard deviation from the mean in both directions, the
area enclosed by these perpendiculars, the x-axis, and the curve will be approximately 68 percent of
the total area.

If we extend these lateral boundaries a distance of 2 standard deviations on either side of the mean,
approximately 95 percent of the area will be enclosed.

. If we extend these lateral boundaries a distance of 3 standard deviations will cause approximately
99.7 percent of the total area to be enclosed.

99.7% of the data are within
3 standard deviations of the mean
95% within
2 standard deviations
68% within
<«<— 1 standard —
deviation
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. The normal distribution is completely determined by the parameters p and o.
Different values of y, shift the graph of the distribution along the x-axis.
Different values of o determine the degree of flatness or peakedness of the graph of the
distribution (p: location o: shape).

Example:

3 Normal distributions with different pt values and equal o
values.

3 Normal distributions with equal p values and different o
values.

& =05 (Case 2)

e The Standard Normal Distribution

» A standard normal distribution is a normal distribution which
has a mean ()=0 and a standard deviation (o)=1.
Z (standard score, z-score) = (X - W)/o

—(x-p)? 1207

Normal distribution |f(x) =ﬁe

1 2
e-: 12

Is standardized to Standard Normal Distribution |7(z) = o

What is z-score??
Z-scores are scores converted into the number of standard deviations that the values (x) are from

the mean (p): Z = el
o

Z-scoring is used to standardize scores in order to provide a way of comparing them (compare
score of 3.0 in IELTS with a 580 in the old TOEFL exam??)
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Important note: for z-scores: mean (1)=0 and a standard deviation (o)=1.

for any normal distribution we can get the standard score — so can use tables.

Probability in normal distribution for any exact value = zero. P(X=1) = integration from X to X
So it equals zero.

We convert any x-score into z-score, because we have only one table for standard normal
distribution.

v' z=0: The value equals the mean.

v' 2> 0: The value is above the mean.
v' 7 < 0: The value is below the mean.

A z-score = +2.0 means that the original score (x) was 2
standard deviations above the mean.

A z-score = —3.0 means that the original score was three 7=30 0 7190
standard deviations below the mean
To find the probability that z takes on a value between any two points on the z-axis (zo and z1),
we must find the area bounded by the perpendiculars erected at these points, the curve and the
horizontal z-axis.

The area can be found by integrating the f(z) function between two values of the variable.

In the standard normal distribution, the integral (area) is
given by the equation

There are cumulative tables that provide the results of all
such integrations.

These tables provide the areas under the curve between
-coand z (cumulative relative frequency again!!).

These tables are used to find the probability that a statistic
is observed below, above, or between values on the
standard normal distribution.

Appendbx il * Statistical Tables

TABLE D (continued)
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P(z<1.0)=0.8413 |[192
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P(Z < 1.57) = 0.9418

Sro- mo-s-s= 020000 20000

P(Z < 1.96) = 0.9750

P[24<Z<2.5)=
0.9938-0.9918=0.002

P(Z> 3.0) =1-P(2<3)=
1-0.9987=0.0013

% Example 1:

BRUR GQURL RERRE PRNNY -
3583 88858 883 :
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As a part of a study of Alzheimer’s disease, data reported were compatible with the
hypothesis that brain weights of victims of the disease are normally distributed. From the
reported data we may compute a mean of 1076.80g and a standard deviation of 105.76 g.

Find the probability that a randomly selected patient will have a brain that weighs less than or
equal to 800 grams P(x<800).

First, we need to calculate the z-score for x=800 g.
- 800-1076.80
105.76

—2.62

Now we can use the standard normal distribution table: What is the probability that randomly
selected patients to have a brain weight less than or equal to z = -2.62
P (x <800) =P (z<-2.62) = 0.0044
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0001 0001 . K L0001 0001
10001 0001
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L0011 .

(0037 003 0039 L0040 .00

Example 2:

v Suppose it is known that the Dissolution time (Dx) of certain pharmaceutical tablets is

approximately normally distributed with a mean of 70 min and a standard deviation of 3 min.
v/ What is the probability that a tablet picked at random

from this batch will have Dt between 65

and 74 min?

Zye :Mzwz_l_(s?
o 3

Z=-1.67 “7° Z=+1.33
(x=p) _74-70_ . o

Iy =
o

P(65< x<74)=P(~1.67 <7 <1.33) = P(~0 < 2 <1.33) - P(~0 < 2 <1.67) = 0.9082— 0.0475= 0.8607

Example 3:
v

In a batch of 10,000 tablets described in the previous example, how many tablets would you
expect to have Dt at least 77min?

Z,, = 77;70 =233

P(x>77) =P(z > 2.33) =1-0.9901= 0.0099

Questions
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e QL. Inamillion marriage cases, what is the expected number of married couples with the same
birthday?
There are 365 possible birthdays for each person (ignoring leap years). The probability that the
second person in a couple has the same birthday as the first is 1/365.
- Expected number of couples with the same birthday = (Total couples) / Probability of same

birthday = 1,000,000 *(1/365) = 2739.73
Also, what is the expected number of these partners that celebrate the 10" of October as their
birthday? (Probability) = 1/365 *1/365
Expected number of such couples: 1,000,000 *1/365 *1/365 = 7.51

Q2. A ball is drawn from a bag containing 3 white and 3 black balls. After the ball is drawn, it is then
replaced, and another ball is drawn. This goes on repeatedly.

What is the probability that of the first 4 balls drawn, exactly 2 are white?
Each draw is independent, and the probability of drawing a white ball is 3/6 =1/2 = 0.5

P ()= (‘2‘) 0.52 (1 — 0.5)*2=0.375

Q3. Determine the (binomial) probability (p) of getting 5 heads in 10 flips of a 2-sided coin using both
formula and tables?
n=10,p=0.5x=5

P5)= () 05° (1-0.5)10-5=0246

Q4. Quiality control analyst at HIKMA Pharmaceutical concluded that the Omeprazole contents in
OMERAL® tablets are normally distributed variable with mean yu = 30mg and standard deviation ¢ =
4mg.

a) Find Probability of selecting random tablets contain less than 40mg.
2=""22=25, Using z-table, P(Z < 2.5) = 0.9938.
b) Probability of selecting randomly tablets containing more than 21mg.

7=2202 2925 P(z>-2.25)=1-p(z<-2.25) = 1- 0.0122 = 0.9878
c¢) Probability of selecting randomly tablets containing more than 30mg and less than 35 mg.

20=3230-0,7=2"0-125  p(30<x<35)=p(0<z<1.25)=0.8944 0.5 =0.3944

4 4
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